I. INTRODUCTION
T HE description of diffraction mechanisms occurring at edges in a truncated grounded dielectric slab is of importance in various engineering applications, principally regarding patch antennas. Spurious diffraction waves may considerably affect side lobes and cross-polar levels of the radiation pattern [1] , [2] , especially when surface waves are strongly excited. However, diffraction mechanisms excited by the truncation are not very well investigated in the literature by exact approaches. Indeed, the canonical reference solution of a grounded semi-infinite dielectric slab-or, more generally, that of a dielectric wedge-is not yet available in analytical form, and the application of a full-wave numerical analysis appears quite cumbersome owing to the infinite extension of the canonical structure. The use of approximate boundary conditions (BCs) [3] like impedance BC or generalized impedance BC [4] is often used to obtain a canonical solution from which high-frequency diffraction coefficients are derived through asymptotic evaluation. These solutions, however, fail for increasing substrate thicknesses and for low dielectric constants, due to the inaccuracy of the impedance BC approximations, especially when the exciting source is located at the boundary. In most practical instances, they cannot be applied to patch antenna problems. For values of thickness and dielectric constants typically involved in these problems, a physical optics (PO) approach seems to be quite adequate [5] . This approximation consists of estimating the radiating currents on the semi-infinite substrate from those produced by the infinite structure. This has the impairment of neglecting guided wave reflections at the slab truncation. However, this phenomenon is presumably less important for low permittivity substrates, such as those used in patch antennas.
The construction of a reference solution by solving integral equations may be extremely useful to validate the effectiveness and the accuracy of the aforementioned PO or generalized impedance BC approximations. To this end, an appropriate canonical structure is considered that consists of a semi-infinite grounded slab illuminated by a two-dimensional source. This allows a clear interpretation of the single diffraction mechanisms excited by space waves and guided waves, with the consequent possibility to validate diffraction coefficients developed by high-frequency approximations. Both differential equation and integral equation methods may be used to perform the full-wave analysis of this kind of structures. Both of these classes of methods suffer from the infiniteness of the structure. A time-domain differential method like finite difference time domain (FDTD) may overcome this limitation by isolating the diffraction effects by time gating, thus reducing a finite structure to a virtually semi-infinite one. However, the conspicuous computation time and the difficulty in controlling the accuracy often render it preferable to resort to integral equation methods in the frequency domain. In [6] , a surface/surface integral equation for a dielectric loaded wedge illuminated by a plane wave was solved with the method of moments (MoM) by using an appropriate expansion of the unknown currents in terms of entire domain basis functions. These latter were shaped in order to account for the asymptotic behavior of the edge diffracted field. This approach was used to check the validity of the impedance BC. However, its extension to a more general near-source illumination is not a straightforward matter.
Plane wave illumination is also assumed in [7] , but the integral equation there represents the continuity of the electric field at an infinite aperture perpendicular to the slab and passing trough the edge. In that work, the unknown currents are represented only in terms of subdomain basis functions, so the final results are affected by truncation errors. The same aperture integral equation (A-IE) concept has been extended to a more general source excitation by different authors independently [8] , [9] , with the inclusion of entire domain basis functions that properly account for the infinite extension of the space domain on which the IE is applied. We note that although the work in [8] and [9] is seen on different perspectives, the two formulations are substantially equivalent.
In this paper, we present a full-wave analysis of a truncated grounded dielectric slab illuminated by an arbitrary incident transverse magnetic field. This method is based on the formulation of a set of "fringe" integral equations (F-IEs) obtained by subtracting from the surface/surface integral equation pertinent to the semi-infinite slab, an auxiliary set of equations obtained for the canonical problem of an infinite slab illuminated by the same incident field. This allows us to interpret the unknown functions of the F-IEs in terms of contributions that can be physically associated to the diffraction phenomena occurring at the truncation. Taking advantage of this interpretation, a MoM solution is obtained with pulse basis functions localized on a finite region near the truncation and semi-infinite domain basis functions to reproduce the edge-excited surface waves far from the edge. To speed up the convergence, an additional semi-infinite domain basis function is included for describing the space wave diffracted field. This formulation is then applied to calculate the field scattered by an electric line source placed at the air-dielectric interface.
Before proceeding further, it is worth spending some words on the difference between the A-IE method [7] - [9] and the F-IE method presented here. As mentioned above, A-IE is obtained by applying the continuity of the electric field through an infinite aperture perpendicular to the slab passing at the edge. This formulation employs both the Green's function of the slab and of the free space. The A-IE method may be applied in conjunction with the extraction of the geometrical optics field at the aperture. Although this extraction appears quite cumbersome for near-source excitation, this would make the A-IE method conceptually similar to the F-IE method presented here. However, due to the use of the slab Green's function, the A-IE approach is more time-consuming. Furthermore, the method presented here provides separation of space wave diffraction and surface wave diffraction contributions, thus allowing the isolation of numerical diffraction coefficients associated to each individual physical mechanism. The same separation is not possible in the A-IE method.
This paper is organized as follows. In Section II, the surface/surface integral equation for a truncated slab is presented. Section III is devoted to developing the fringe integral equations. In Section IV, a MoM solution for these equations is formulated. The application of the proposed method to the problem of an electric line source placed at the air-dielectric interface is discussed in Section V. In Section VI, numerical calculations and comparisons with both the A-IE method [8] and a generalized PO approach [5] are presented and discussed. Conclusions and future developments are drawn in Section VII.
II. SURFACE/SURFACE INTEGRAL EQUATIONS
Consider the semi-infinite grounded dielectric slab in Fig. 1 . The dielectric substrate has thickness and dielectric permittivity . A rectangular coordinate system is introduced with the -axis oriented orthogonal to the edge and along the top of the substrate, the -axis orthogonal to the slab, and the -axis along the truncation. Let us assume the truncated slab is excited by a system of -invariant sources that creates only a -directed incident electric field (TM polarization). The following formulation is carried out with these restrictions, but a linear phase variation along can be introduced without conceptual efforts. For a TE polarized source, the procedure presented here is still valid, although a higher number of unknowns is needed for describing the edge singularity. In order to derive the proper integral equations, we choose a surface to apply the equivalence principle. As shown in Fig. 2 , the surface envelopes the boundary of the slab passing on the back of the ground plane. We denote with and the portions of that are on top of the substrate and on the external truncation side, respectively, and with that on the back of the ground plane. The first step of our procedure is an application of the surface/surface IE method [10] .
A. The Exterior Problem
In order to determine the field in the region outside , the region inside is filled with zero field and free space. The continuity of the tangential electric field is reconstructed by distributing equivalent electric and magnetic surface currents on and and an electric surface current on , as shown in Fig. 3 . We now introduce the notation to denote the electric field radiated in free space by the pair . Explicit expressions for the integral operator can be found in the Appendix. The equivalence principle applied on and yields (1) where denotes an observation point on or , and is the outward unit vector normal to . Vanishing of the tangential electric field on yields (2) 
B. The Interior Problem
In order to find the total field inside , we postulate zero field in the exterior region, which is supposed to be filled with the dielectric material of the slab and with the virtual continuation of the ground plane. Electric and magnetic surface currents are distributed on and , which radiate in a homogeneous dielectric region bounded by an infinite ground plane (Fig. 4) . Next, use of the image principle leads to the original currents plus their images through the infinite ground plane radiating in a fully homogeneous dielectric. The tangential electric field radiated in this medium by both and their images is denoted with . The equivalence principle applied on and leads to (3) where is the inward unit vector normal to .
C. Coupled Integral Equations
The exterior and the interior problem are now combined by imposing the continuity of the tangential electric and magnetic fields on and (4) (5) Introducing (4) and (5) in (1)- (3) leaves only the unknown current components , and defined for the exterior problem, where we have suppressed and understood the superscript . The resulting coupled equations are not yet appropriate for solving directly by MoM, due to the infinite dimension of the surface . As a consequence, an auxiliary set of equations are derived next.
III. F-IEs
We now consider the infinite grounded dielectric slab (Fig. 5) illuminated by the same sources as the truncated configuration. The complementary surface to on the top of the substrate is denoted with [ Fig. 5(a) ]. For this problem, the exact solution is known in analytical form. However, the information we may extract from this solution allow us to build up a new set of integral equations. To this end, let us apply the equivalence principle on , using the same procedure as that for the truncated structure. This yields for the exterior problem For the interior problem [ Fig. 5(c) ], we get (8) We have used the superscript PO, since PO currents and fields are exact solutions of the infinite problem. We now subtract the equations relevant to the infinite structure (6)- (8) In (9)- (13), the terms containing unknown quantities are written on the left side and the known terms on the right side. At a first glance, these five coupled equations look more complicated than the original ones. However, they are very convenient when solving by MoM, since the unknowns are exclusively associated to mechanisms generated by the truncation. In particular, both and (i.e., the difference between the exact currents of the finite slab and those of the infinite one) contain two contributions: 1) space waves diffracted at the top edge and 2) guided waves (of surface or leaky type) excited by the truncation, when these latter are supported by the slab. The unknown is the induced electric surface current on the back side of the ground plane, which only consists of a space wave contribution diffracted at the edge of the ground plane. Note that the unknowns and are the same quantities as of the original set of IEs, but since they are localized on a small portion of , no problems occur in their description in a MoM scheme. The right sides of (9)- (13) are the forcing terms of the F-IEs and can be found by integration of the electric and magnetic PO surface currents on . As apparent by (6)- (8), these forcing terms can also be determined by using as integration domain. However, this introduces numerical problems when sources are located exactly at the surface . Indeed, in this case, the PO currents lead to a field singularity at the source, which must cancel that of the incident field, thus comprising certain complications when calculating the forcing terms. Furthermore, using as integration domain provides forcing fields that exhibit an evident diffractive nature, being asymptotically dominated by the end-point radiation. This leaves open the possibility to apply asymptotic evaluations.
The procedure presented above allows one to solve exclusively for the current components introduced by the truncation. Except for the surface wave contribution to and , which will be treated separately, all the unknowns used in (9)-(13) exhibit a behavior localized in a narrow region in vicinity of the edge. Since we solve for the fringe currents alone, we will denote (9)-(13) by F-IEs, in analogy with the terminology of the physical theory of diffraction [11] .
IV. MOM SOLUTION
In this section, we solve the coupled (9)-(13) by using a MoM scheme. In a region close to the truncation, we expand the unknown currents in terms of subdomain pulse functions given by otherwise
where is the th segment. We will refer to this finite region as the subdomain region (SR). On the part of the surface that is located in the SR, we use the expansion (15) where total number of segments on ; or ;
unknown expansion coefficients to be determined by MoM. Similarly, on and on the portion of that lies inside the SR, we get the expansions (16) where when and when . Outside the SR, we use the asymptotic behavior of the fields to define a set of expansion functions with semi-infinite domains. As mentioned earlier, the unknowns and comprise contributions of a space wave diffracted at the edge, and possibly one or more guided waves excited at the truncation. The space wave diffracted field asymptotically propagates with the speed of light and decays like 1 . At variance, the surface waves (SWs) propagate unattenuated with a phase velocity between the speed of light in free space and that in the dielectric. To describe the asymptotic field behavior outside the SR, we then use the expansion (17) where is the SW wavenumber and and can be interpreted as the unknown diffraction coefficient of the space wave and the excitation coefficient of the SW, respectively. In (17), we have assumed that only the first SW mode is propagating. This contribution must be left out if SW propagation is not supported by the structure, or similar terms (with the proper ) must be added when more than one SW is supported. Note that possible leaky modes excited at the truncation are exponentially attenuated toward positive , and their description can be entirely attributed to the pulse functions in the SR. The unknown quantity on the surface is the induced surface current on the back side of the ground plane. Outside the SR, we use the expansion (18) where can be interpreted as the unknown diffraction coefficient. Note that the spreading factor is of order due to the TM excitation. The weighting functions are chosen to be Dirac delta functions. When SWs are propagating, it is necessary to use one test point for each expansion function in the semi-infinite region, taking care to avoid superposition of test points. By using the segmentation described above, the total number of test points is 2( 2) 2 1).
V. APPLICATION TO THE ELECTRIC LINE SOURCE PROBLEM
To demonstrate the application of the F-IE method presented above, we now consider the problem of an electric line source placed at the air-dielectric interface at . This case, as well as the complementary TE case of a magnetic line source (which can be treated with the same formulation), is strictly related to patch antenna problems. By using the spectral Green's function of the infinite slab excited by a unit electric line source, the spectral integral representation of the PO currents on the surface may be written as (19) (20) where is the spectral wavenumber, , and is the free space impedance. Furthermore, and , where . The change of variable with is now introduced. The original contour is deformed into the steepest descent path through the saddle point at . This leads to
where is the th guided wave pole in the complex -plane and and are the residues at the poles captured in the contour deformation. In (21) and (22), is the Heaviside unit step function and (23) in which is the transition function of the uniform theory of diffraction (see [5] for its definition), and is a regular function close to the saddle point . This regular function is obtained by the Van der Waerden method [12] by extracting the pole singularities close to the saddle point as (24) In (24), and . The number of poles to be extracted is determined by following the criterion suggested in [2] . The integral in (23) is easily evaluated numerically, since the smooth integrand exhibits a very rapid exponential decay around . When is large, we replace with the first two terms of its Taylor expansion around the saddle point at . This leads to the To obtain the forcing terms in (9)- (13), (21) and (22) must be multiplied with the pertinent Green's function of the homogeneous medium and integrated for ranging from to zero. As suggested in [6] , this latter integration on a semi-infinite domain is efficiently carried out with the method of averages [13] . For all values of , the PO surface currents are calculated in a finite number of points, and quadratic interpolation is used for all remaining points of the integrand. The method of averages is also used in the calculation of the MoM impedance matrix, when the test point is located outside the SR region.
VI. NUMERICAL RESULTS
In this section, we present several numerical results obtained by applying the present F-IE formulation. First, the numerical solution is validated by comparison with the exact solution for a perfectly conducting half-plane. Next, numerical results are compared with those obtained from the A-IE method [8] and from a generalized PO method [5] .
In order to validate the F-IE method and to provide an estimate of the required size of the SR, the example of a line source close to a perfectly conducting half-plane is considered first. Fig. 6 illustrates the total electric field radiated in the far zone by a line source located in normalized to the radiation pattern of the same line source in free space. The scan angle is that depicted in Fig. 1 . The result calculated by the exact solution (dots) is compared with those obtained for a dielectric constant equal to unity with two different numbers of pulse functions. With an SR region of 0.5 and using ten pulse functions per wavelength (dashed line), the result is quite accurate up to 315 . Increasing the SR to 2.0 and using 20 expansion functions per wavelength (solid line) allows the F-IE curve to superimpose with the exact solution. This choice is used for all the presented results herein after. Fig. 7 shows the total normalized electric field radiated by a line source on a truncated grounded dielectric slab with and . In this case, no guided waves are supported by the slab. Calculations have been made for two different positions of the source ( and ). Very good agreement is observed between the F-IE (solid line) and the A-IE (dots), as expected. The PO result (dashed line) compares very well with the exact curves, except for observation in the deep shadow region, where a vanishing field is expected. This is a consequence of the fact that the PO formulation does not account for the proper boundary condition on the bottom face of the ground plane.
The dominant SW mode is propagating when , and Fig. 8 shows two calculations for just below and above the critical thickness associated to cutoff . Again, the solutions relevant to the two IE techniques exactly overlap except very close to the bottom face of the ground plane (357 ), where a small discrepancy can be observed. Note that this only occurs at very low field levels and is due to the fact that the representation (17) is no longer valid close to the cutoff of an SW, as pointed out in Section IV. To overcome this problem, a proper Fresnel transition function must be incorporated in the entire domain basis functions, or a larger SR can be used. Note that the A-IE is not affected by this problem, since the entire domain basis functions on the aperture do not contain SW contributions, the latter being exponentially attenuated there. In Fig. 9 , calculations are reported for slab thicknesses of 0.4 and 0.5 . As the thickness increases, the dominant surface wave is more strongly excited. This results in a gradual increasing of the relative amplitude of the par-axial lobe, i.e., at , caused by surface wave diffraction. Also, in these cases the PO is satisfactory up to . The most important feature of the F-IE procedure consists of the fact that the number of unknowns is independent from the source position. This allows for treating array problems without further numerical efforts. Indeed, the PO current on D [see Fig. 5(a) ] from each line source is obtained from the current of a single line source except for a linear change of variable. Fig. 10 shows the radiation pattern of an array of ten line sources with a source spacing of 0.2 and a distance from the first source to the truncation. Results have been obtained for two different slab thicknesses ( : no SW; : one SW). A satisfactory agreement with the PO solution is found, especially when SWs are not excited.
VII. CONCLUSION
A fringe integral equation solving procedure has been presented for describing the scattering by a semi-infinite grounded dielectric slab illuminated by an arbitrary incident TM polarized field. The formulation has been obtained by subtracting from the surface/surface integral equations pertinent to the semi-infinite slab, an auxiliary set of equations associated to the canonical problem of an infinite slab illuminated by the same incident field. The application of this process leads us to define expansion functions of the unknown fringe currents that are properly shaped to reproduce the physical behavior of the waves diffracted at the truncation. As a consequence, a MoM solution is presented with pulse basis functions localized on a finite region near the edge and semi-infinite domain basis functions far from it. It is found that by solving only for unknowns physically associated to the fringe field-i.e., localized in the vicinity of the truncation-the necessary number of unknowns is rather small and independent of the slab size. Also, this method may be easily extended to a truncated slab excited by a TE polarized field.
The application of this formulation to the problem of an electric line source placed at the air-dielectric interface has been presented. Numerical results have been obtained and compared with those from the A-IE method and from a generalized PO method. Calculations presented demonstrate that the F-IE method is significantly faster than the A-IE method, with a comparable degree of accuracy.
The present solution may be used as a reference to validate diffraction coefficients, which are developed through approximations (i.e., PO, generalized impedance boundary conditions, etc.). Also, it can be used for problems involving large, but finite, grounded slabs by superimposing the effects of the truncations independently calculated through semi-infinite local structures.
APPENDIX INTEGRAL OPERATORS
The integral operators defined in Section II are explicitly given here. We let denote the point of observation and the source point. The explicit expression of the free space integral operator for is
where external normal;
zeroth-order Hankel function of the second kind;
and wavenumber and the intrinsic impedance of the free space, respectively.
The bar on the integral sign is used to denote a principal value integral, which justifies extraction of one-half of the tangential electric field in (26). The integral operator defined in the interior problem for is (27) where and are the wavenumber and the intrinsic impedance of the dielectric, respectively. denote the image surface to , and when integrating on this surface, the appropriate sign of the image currents must be chosen according to the image principle.
The Hankel function of zeroth kind contains a logarithmic singularity for , which must be extracted to ensure numerical stability.
